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An holomorphic study of the Smarandache 

concept in loops 

Temftope Gbolahan Jai'yeola 1 
Department of Mathematics, Obafemi Awolowo University 
lie Ife, Nigeria. 

Abstract If two loops are isomorphic, then it is shown that their holomorphs are also 
isomorphic. Conversely, it is shown that if their holomorphs are isomorphic, then the loops 
are isotopic. It is shown that a loop is a Smarandache loop if and only if its holomorph is 
a Smarandache loop. This statement is also shown to be true for some weak Smarandache 
loops (inverse property, weak inverse property) but false for others (conjugacy closed, Bol, 
central, extra, Burn, A-, homogeneous) except if their holomorphs are nuclear or central. A 
necessary and sufficient condition for the Nuclear- holomorph of a Smarandache Bol loop to be 
a Smarandache Brack loop is shown. Whence, it is found also to be a Smarandache Kikkawa 
loop if in addition the loop is a Smarandache A-loop with a centrum holomorph. Under this 
same necessary and sufficient condition, the Central-holomorph of a Smarandache A-loop is 
shown to be a Smarandache K-loop. 

Keywords Holomorph of loops; Smarandache loops. 

§1. Introduction 

The study of Smarandache loops was initiated by W.B. Vasantha Kandasamy in 2002. 
In her book [19], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. For more on loops and their 
properties, readers should check [16], [3], [5], [8], [9] and [19]. In her book, she introduced 
over 75 Smarandache concepts on loops. In her first paper [20], she introduced Smarandache 
: left(right) alternative loops, Bol loops, Moufang loops, and Brack loops. But in this paper, 
Smarandache : inverse property loops (IPL), weak inverse property loops (WIPL), G-loops, 
conjugacy closed loops (CC-loop), central loops, extra loops, A-loops, K- loops, Bruck loops, 
Kikkawa loops, Burn loops and homogeneous loops will be introduced and studied relative to 
the holomorphs of loops. Interestingly, Adeniran [1] and Robinson [17], Oyebo [15], Chiboka 
and Solarin [6], Bruck [2], Bruck and Paige [4], Robinson [18], Huthnance [11] and Adeniran [1] 
have respectively studied the holomorphs of Bol loops, central loops, conjugacy closed loops, 
inverse property loops, A-loops, extra loops, weak inverse property loops and Bruck loops. 

In this study, if two loops are isomorphic then it is shown that their holomorphs are also 
isomorphic. Conversely, it is shown that if their holomorphs are isomorphic, then the loops are 
isotopic. 

It will be shown that a loop is a Smarandache loop if and only if its holomorph is a 
Smarandache loop. This statement is also shown to be true for some weak Smarandache loops 

1 On Doctorate Programme at the University of Agriculture Abeokuta, Nigeria 



2 



Temi'tope Gbolahan Jafyepla 



No. 1 



(inverse property, weak inverse property) but false for others (conjugacy closed, Bol, central, 
extra, Burn, A-, homogeneous) except if their holomorphs are nuclear or central. A necessary 
and sufficient condition for the Nuclear-holomorph of a Smarandache Bol loop to be a Smaran- 
dache Brack loop is shown. Whence, it is found also to be a Smarandache Kikkawa loop if 
in addition the loop is a Smarandache A-loop with a centrum holomorph. Under this same 
necessary and sufficient condition, the Central-holomorph of a Smarandache A-loop is shown 
to be a Smarandache K-loop. 



§2. Definitions and Notations 

Let ( L , •) be a loop. Let Aum(L , •) be the automorphism group of (L, •), and the set H = 
( L , •) x Aum(L, •). If we define ’o’ on H such that (a, x)o (/3, y) = (a/3, xf3-y) V (a, x ), (/3, y) £ H , 
then 7L(L, •) = ( H 1 o) is a loop as shown in Brack [2] and is called the Holomorph of (L, •). 

The nucleus of (L, •) is denoted by N(L,-) = N(L), its centrum by C(L, •) = C(L) and 
center by Z(L , •) = N(L , •) fl C(L, •) = Z(L). For the meaning of these three sets, readers 
should check earlier citations on loop theory. 

If in L, x~ l ■ xa £ N(L) or xa ■ x _1 £ N(L) V x £ L and a £ Aum(L, •), (iJ, o) is called 
a Nuclear-holomorph of L, if x^ 1 • xa £ C(L) or xa ■ x -1 £ C(L) V x £ L and a £ Aum(L, •), 
(H : o) is called a Centrum-holomorph of L hence a Central-holomorph if x -1 • xa £ Z(L) or 
xa ■ a; -1 £ Z{L) V x £ L and a £ Aum(L, •). 

For the definitions of automorphic inverse property loop (AIPL), anti-automorphic inverse 
property loop (AAIPL), weak inverse property loop (WIPL), inverse property loop (LPL), Bol 
loop, Moufang loop, central loop, extra loop, A-loop, conjugacy closed loop (CC-loop) and 
G-loop, readers can check earlier references on loop theory. 

Here, a K-loop is an A-loop with the AIP, a Brack loop is a Bol loop with the AIP, a Burn 
loop is Bol loop with the conjugacy closed property, an homogeneous loop is an A-loop with 
the IP and a Kikkawa loop is an A-loop with the IP and AIP. 

Definition 2.1. A loop is called a Smarandache inverse property loop (SIPL) if it has at 
least a non-trivial subloop with the IP. 

A loop is called a Smarandache weak inverse property loop (SWIPL) if it has at least a 
non-trivial subloop with the WIP. 

A loop is called a Smarandache G-loop (SG-loop) if it has at least a non-trivial subloop that 
is a G-loop. 

A loop is called a Smarandache CC-loop (SCCL) if it has at least a non-trivial subloop that 
is a CC-loop. 

A loop is called a Smarandache Bol-loop (SBL) if it has at least a non-trivial subloop that 
is a Bol-loop. 

A loop is called a Smarandache central-loop (SCL) if it has at least a non-trivial subloop 
that is a central-loop. 

A loop is called a Smarandache extra-loop (SEL) if it has at least a non-trivial subloop that 
is a extra-loop. 
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A loop is called a Smarandache A-loop (SAL) if it has at least a non-trivial subloop that is 
a A-loop. 

A loop is called a Smarandache K-loop (SKL) if it has at least a non-trivial subloop that is 
a K-loop. 

A loop is called a Smarandache Moufang-loop (SML) if it has at least a non-trivial subloop 
that is a Moufang-loop. 

A loop is called a Smarandache Bruck-loop (SBRL) if it has at least a non-trivial subloop 
that is a Bruck-loop. 

A loop is called a Smarandache Kikkawa-loop (SKWL) if it has at least a non-trivial subloop 
that is a Kikkawa-loop. 

A loop is called a Smarandache Bum-loop (SBNL) if it has at least a non-trivial subloop 
that is a Burn-loop. 

A loop is called a Smarandache homogeneous-loop (SHL) if it has at least a non-trivial 
subloop that is a homogeneous-loop. 



§3. Main Results 

Holomorph of Smarandache Loops 

Theorem 3.1. Let (L, •) be a Smarandanche loop with subgroup (S, •). The holomorph 
Hs of S is a group. 

Theorem 3.2. A loop is a Smarandache loop if and only if its holomorph is a Smarandache 

loop. 

Proof. Let L be a Smarandache loop with subgroup S. By Theorem 3.1, ( Hs , °) is a group 
where Hs = Aum(S, •) x (S, •). Clearly, H$ <£. H(L , •). So, let us replace Aum(S , •) in Hs by 
A(S, •) = {a £ Aum(L , •) : sa £ S V s £ S'}, the group of Smarandache loop automorphisms 
on S as defined in [19]. A(S, •) < Aum(L, •) hence, H s = A(S, •) x (S, •) remains a group. In 
fact, (Hs, o) C (H, o) and (Hs, o) < (H, o). Thence, the holomorph of a Smarandache loop is 
a Smarandache loop. 

To prove the converse, recall that H(L) = Aum(L) x L. If H(L) is a Smarandache 
loop then 3 Sh C H(L) 9 Sh < H(L). Sh C H(L) =$■ 3 Bum(L) C Aum(L) and 

B c L 9 Sh = Bum(L) x B. Let us choose Bum(L) = {a G Aum(L) : ba G B V b £ B }, 

this is the Smarandache loop automorphisms on B. So, (Sh, °) = (Bum(L) x B, o) is expected 
to be a group. 

Thus, (a, x ) o [(13, y) o ( 7 , 2 )] = [(a, x ) o ((3, y)\ o ( 7 , z) V x, y, z e B , a, (3 , 7 £ Bum(L) <^> 

xp'y ■ ( 3/7 • z) = (xP'j ■ t/ 7 ) • z x’ ■ (y 1 ■ z) = ( x ’ ■ y') ■ z V x’ , y’ , z £ B. So, (B, ■) must be a 

group. Hence, L is a Smarandache loop. 

Remark 3.1. It must be noted that if Aum(L , •) = A(S,-), then S’ is a characteristic 
subloop. 

Theorem 3.3. Let L and L 1 be loops. L = L’ implies H(L ) = H(L'). 

Proof. If L = L' then 3 a bijection a : L — > L' 9 (a, a, a) : L — > L' is an 

isotopism. According to [16], if two loops are isotopic, then their groups of autotopism are 
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isomorphic. The automorphism group is one of such since it is a form of autotopism. Thus ; 
Aum(L) = Aum{L') =7 H(L) = Aum(L) xf = Aum{L') xf' = H(L'). 

Theorem 3.4. Let (L, ®) and (L',®) be loops. i?(L) = H(L') <=> x5 ® yj = (x/3 ® 
y)<5 V x 7 y £ L, (3 £ Aum(L) and some <5, 7 € Sym(L'). Hence, 7 C e s = S , 51Z ei = (35 where e is 
the identity element in L and C x , 7?. x are respectively the left and right translations mappings 
of x £ L' . 

Proof. Let H{L,®) = (H, o) and = (H, ©). fL(L) S H(L') 77 3 <f> : H(L) -> 

H(L') 9 [(cx, x) o (/3, y)\<j> = (a, x)4> © (/?, y)</>. Define (a, x)<j> = (ip~ 1 aip, V (a, a:) € 

(if, o) and where ip : L — > L' is a bijection. 

H(L) = H(L') 77 (a/3, x(3 © y)4> = (ip~ 1 aip, xip -1 ai/j) © (x/ 7-1 / 3//>, y/i -1 / 3ip) 77 (/i _1 a/3V’, (cc/3 ® 
y)ip~ 1 a/3ip) = (4’~ 1 ct/3tp, x^~ 1 af3^ © y^ _1 /3//>) 77 (x/3 © y)ip~ 1 af3il) = x^~ 1 af34> © y'ip~ 1 f3ip 77 
xS®yj = ( x/3 © y)<5 where <5 = t/j~ 1 af3 j il>, 7 = il>~ 1 f3il>. 

Furthermore, 7£ x 5 = and <57?. y7 = f3R y 5 \/ x,y £ L. Thus, with x = y = e, 7£ e <5 = <3 
and <57?. e7 = /3<5. 

Corollary 3.1. Let L and L' be loops. H(L) = H(L') implies L and L' are isotopic under 
a triple of the form ( S , /, 5). 

Proof. In Theorem 3.4, let (3 = 1 , then 7 = /. The conclusion follows immediately. 

Remark 3.2. By Theorem 3.3 and Corollary 3.1, any two distinct isomorphic loops are 
non-trivialy isotopic. 

Corollary 3.2. Let L be a Smarandache loop. If L is isomorphic to L' , then {H(L), H(L')} 
and {L, L'} are both systems of isomorphic Smarandache loops. 

Proof. This follows from Theorem 3.2, Theorem 3.3, Corollary 3.1 and the obvious fact 
that the Smarandache loop property in loops is isomorphic invariant. 

Remark 3.3. The fact in Corollary 3.2 that H(L) and H(L') are isomorphic Smarandache 
loops could be a clue to solve one of the problems posed in [20]. The problem required us to 
prove or disprove that every Smarandache loop has a Smarandache loop isomorph. 



Smarandache Inverse Properties 

Theorem 3.5. Let L be a loop with holomorph H(L). L is an IP-SIPL if and only if 
H(L) is an IP-SIPL. 

Proof. In an IPL, every subloop is an IPL. So if L is an IPL, then it is an IP-SIPL. From 
[2], it can be stated that L is an IPL if and only if H(L) is an IPL. Hence, H(L ) is an IP-SIPL. 
Conversely assuming that H(L) is an IP-SIPL and using the same argument L is an IP-SIPL. 

Theorem 3.6. Let L be a loop with holomorph H(L). L is a WIP-SWIPL if and only if 
H{L) is a WIP-SWIPL. 

Proof. In a WIPL, every subloop is a WIPL. So if L is a WIPL, then it is a WIP-SWIPL. 
From [11], it can be stated that L is a WIPL if and only if H(L) is a WIPL. Hence, H(L) is a 
WIP-SWIPL. Conversely assuming that H(L) is a WIP-SWIPL and using the same argument 
L is a WIP-SWIPL. 



Vol. 2 



An holomorphic study of the Smarandache concept in loops 



5 



Smarandache G-Loops 

Theorem 3.7. Every G-loop is a SG-loop. 

Proof. As shown in [Lemma 2.2, [7]], every subloop in a G-loop is a G-loop. Hence, the 
claim follows. 

Corollary 3.3. CC-loops are SG-loops. 

Proof. In [10], CC-loops were shown to be G-loops. Hence, the result follows by Theorem 

3.7. 

Theorem 3.8. Let G be a CC-loop with normal subloop H. G/H is a SG-loop. 

Proof. According to [Theorem 2.1, [7]], G/H is a G-loop. Hence, by Theorem 3.7, the 
result follows. 

Smarandache Conjugacy closed Loops 

Theorem 3.9. Every SCCL is a SG-loop. 

Proof. If a loop L is a SCCL, then there exist a subloop H of L that is a CC-loop. 
CC-loops are G-loops, hence, H is a G-loop which implies L is a SG-loop. 

Theorem 3.10 Every CC-loop is a SCCL. 

Proof. By the definition of CC-loop in [13], [12] and [14], every subloop of a CC-loop is a 
CC-loop. Hence, the conclusion follows. 

Remark 3.4. The fact in Corollary 3.3 that CC-loops are SG-loops can be seen from 
Theorem 3.9 and Theorem 3.10. 

Theorem 3.11. Let L be a loop with Nuclear-holomorph //(/.). L is an IP-CC-SIP-SCCL 
if and only if H(L) is an IP-CC-SIP-SCCL. 

Proof. If L is an IP-CCL, then by Theorem 3.5, H(L) is an IP-SIPL and hence by 
[Theorem 2.1, [6]] and Theorem 3.10, H(L) is an IP-CC-SIP-SCCL. The converse is true by 
assuming that H(L) is an IP-CC-SIP-SCCL and using the same reasoning. 

Smarandache : Bol loops, central loops, extra loops and Burn loops 

Theorem 3.12. Let I be a loop with Nuclear-holomorph H(L). L is a Bol-SBL if and 
only if H(L) is a Bol-SBL. 

Proof. If L is a Bol-loop, then by [17] and [1], H(L) is a Bol-loop. According to [Theo- 
rem 6, [20]], every Bol-loop is a SBL. Hence, H(L) is a Bol-SBL. The Converse is true by using 
the same argument. 

Theorem 3.13. Let L be a loop with Nuclear-holomorph H(L). L is a central-SCL if and 
only if H(L) is a central-SCL. 

Proof. If L is a central-loop, then by [15], H(L ) is a central-loop. Every central-loop is a 
SCL. Hence, H(L) is a central-SCL. The Converse is true by using the same argument. 

Theorem 3.14. Let I be a loop with Nuclear-holomorph H(L). L is a extra-SEL if and 
only if H(L) is an extra-SEL. 

Proof. If L is a extra-loop, then by [18], H(L) is a extra-loop. Every extra-loop is a SEL. 
Hence, H(L) is a extra-SEL. The Converse is true by using the same argument. 
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Corollary 3.4. Let L be a loop with Nuclear-holomorph H{L). L is a IP-Burn-SIP-SBNL 
if and only if H(L) is an IP-Burn-SIP-SBNL. 

Proof. This follows by combining Theorem 3.11 and Theorem 3.12. 

Smarandache : A-loops, homogeneous loops 

Theorem 3.15. Every A-loop is a SAL. 

Proof. According to [Theorem 2.2, [4]], every subloop of an A-loop is an A-loop. Hence, 
the conclusion follows. 

Theorem 3.16. Let L be a loop with Central-holomorph H(L). L is an A-SAL if and 
only if H(L) is an A-SAL. 

Proof. If L is an A-loop, then by [Theorem 5.3, [4]], H(L) is a A-loop. By Theorem 3.15, 
every A-loop is a SAL. Hence, H(L) is an A-SAL. The Converse is true by using the same 
argument. 

Corollary 3.5. Let L be a loop with Central-holomorph H(L). L is an homogeneous-SHL 
if and only if H(L) is an homogeneous-SHL. 

Proof. This can be seen by combining Theorem 3.5 and Theorem 3.16. 

Smarandache : K-loops, Bruck-loops and Kikkawa-loops 

Theorem 3.17. Let (L, •) be a loop with holomorph H(L). H(L) is an AIPL if and 
only if x(3~ l J ■ yJ = (x ■ ya~ x )J V x,y £ L and a/3 = (3a V a, (3 £ Aum(L,-). Hence, 
xJ ■ yJ = (z ■ w)J , xJ ■ yJ = (x ■ w)J , xJ ■ yJ = (y • w)J , xJ ■ yJ = (z ■ x)J , xJ ■ yJ = 

( z ■ y)J , x J ■ yJ = (x ■ y)J , x J ■ yJ = (y ■ x)J V x,y,z,w £ S. 

Proof. H(L) is an AIPL <£> V (a,x),((3,y) £ H(L) ,[(a,x) o ((3,y)\~ l = {a,x)~ l o 
(f3,y)~ 1 o (aAx/Ty)- 1 = (a -1 , (xa~ 1 )- 1 )o(p- 1 , (y/?” 1 )” 1 ) ((a/?)" 1 , [(xfl-yXap)- 1 ]- 1 ) = 

(a~ 1 (3~ 1 , (xa~ 1 )~ 1 (3~ 1 -(y/3~ 1 )~ 1 ) a/3 = /3aV a, (3 £ Aum(L , •) and (x(Pa)~ 1 )~ 1 -(yP~ 1 )~ 1 = 

[, xa -1 • y(aP)~ 1 ]~ 1 <t=> Aum(L , •) is abelian and (a;(/3o) _1 ) J • y(3~ 1 J = [ xa _1 • y{a(3)~ 1 ]J <t=> 
Aum(L, •) is abelian and (xa~ 1 (3~ 1 )J ■y(3~ 1 J = [ xa -1 • y(3~ 1 a~ l ]J <t=> Aum(L , •) is abelian and 
(x((3a)~ 1 )J-y(3~ 1 J = [xa~ r ■y(aP)~ 1 ]J 44- Aum(L, •) is abelian and x'/3~ 1 J ■y l J= (x 1 ■y'a~ 1 )J 
where x' = xa -1 , y' = y(3. 

What follows can be deduced from the last proof. 

Theorem 3.18. Let (L, •) be a Bol-SBL with Nuclear-holomorph H(L). H(L) is a Bruck- 
SBRL if and only if x[3~ 1 J ■ yJ = (x ■ ya~ x )J V x,y £ L and a/3 = [3a V a , (3 £ Aum(L, •). 
Hence, 

1. L is a Moufang-SML and a Bruck-SBRL. 

2. H(L) is a Moufang-SML. 

3. if L is also an A-SAL with Centrum-holomorph H(L) then L is a Kikkawa-SKWL and so 
is H{L). 

Proof. By Theorem 3.12, H(L) is a Bol-SBL. So by Theorem 3.17, H(L) is a Bruck-SBRL 
<t=> Aum(L, •) is abelian and x(3~ x J ■ yJ = (x ■ ya~ x ) J V x,y £ L. 
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1. From Theorem 3.17, L is a Bruck-SBRL. From Theorem 3.17, L is an AAIPL, hence L is 
a Moufang loop since it is a Bol-loop thus L is a Moufang-SML. 

2. L is an AAIPL implies H(L) is an AAIPL hence a Moufang loop. Thus, H(L) is a 
Moufang-SML. 

3. If L is also a A-SAL with Centrum-holomorph, then by Theorem 3.5, L and H(L ) are 
both Kikkawa-Smarandache Kikkawa-loops. 

Theorem 3.19. Let (L, •) be a SAL with an A-subloop S and Central-holomorplr H(L). 
H{L) is a SKL if and only if x[3~ 1 J ■ yJ = (x ■ yoT l )J V x,y € S and a/3 = [3a V a, [3 £ A(S, •). 
Hence, L is a SKL. 

Proof. By Theorem 3.16, H{L) is a SAL with A-subloop Hg = A{S , •) x (S, •). So H(L) is 
a SKL if and only if Hg is a K-loop <t=> A(S, •) is abelian and x(3~ 1 J ■ yJ = (x ■ ya~ l )J Vi,i/S 
S ,a,(3 £ A(S,-) by Theorem 3.17. Following Theorem 3.17, S is an AIPL hence a K-loop 
which makes L to be a SKL. 
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Some arithmetical properties of primitive 
numbers of power p 1 



Xu Zhefeng 

Department of Mathematics, Northwest University 
Xi’an, Shaanxi, P.R.China 



Abstract The main purpose of this paper is to study the arithmetical properties of the 
primitive numbers of power p by using the elementary method, and give some interesting 
identities and asymptotic formulae. 

Keywords Primitive numbers of power p; Smarandache function; Asymptotic formula. 

§1. Introduction 

Let p be a fixed prime and n be a positive integer. The primitive numbers of power p , 
denoted as S p (n ), is defined as following: 

S p (n) = min{m : m € N,p n \m\j. 

In problem 47,48 and 49 of [1], Professor F. Smarandache asked us to study the properties of 
the primitive numbers sequences {S p (n)}(ra = 1, 2, • • • ). It is clear that {iS p (n)}(n = 1, 2, ■ ■ ■ ) 
is the sequence of multiples of prime p and each number being repeated as many times as its 
exponent of power p is. What’s more, there is a very close relationship between this sequence 
and the famous Smarandache function S(n ), where 

S(n) = min {m : m £ N,n\m\}. 

Many scholars have studied the properties of S(n), see [2], [3], [4], [5] and [6]. It is easily to 
show that S(p) = p and S(n) < n except for the cases n = 4 and n = p. Hence, the following 
relationship formula is obviously: 



where n(x) denotes the number of primes up to x, and [x] denotes the greatest integer less 
than or equal to x. However, it seems no one has given some nontrivial properties about the 
primitive number sequences before. In this paper, we studied the relationship between the 
Riemann zeta- function and an infinite series involving S p (n), and obtained some interesting 
identities and asymptotic formulae for S p (n). That is, we shall prove the following conclusions: 
Theorem 1 . For any prime p and complex number s, we have the identity: 
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where £(s) is the Riemann zeta- function. 

Specially, taking s = 2, 4 and p = 2,3, 5, we have the 
Corollary. The following identities hold: 



E 

n—l 



S'l(n) 18 



= — • V 

is’ 



1 7 r 2 ^ 1 7T 2 

48 ; ^[Sl(n)~ 144 ; 



1 



£ «"> 



7 r 

1350’ 



E 



i 



S'l(n) 



7 r 

7200’ 



E 



i 



S 5 » 



7T 

56160' 



n =1 J 3t'V n—l 

Theorem 2. Let p be any fixed prime. Then for any real number x > 1, we have the 
asymptotic formula: 



E 

n—l 

S p (n)<x 



l 

Sp{n) 



1 



P-1 



^ln x + 7 + 



plnp\ 

P-1/ 



0(a;-5 +e ), 



where 7 is the Euler constant, e denotes any fixed positive number. 

Theorem 3. Let k be any positive integer. Then for any prime p and real number x > 1, 
we have the asymptotic formula: 



OO 



E s » 

n—l 

S p (n)<x 



x k+i 



(fe + i)(p — 1 ) 



+ 0(x k+ l +e ). 



§2. Proof of the theorems 



To complete the proof of the theorems, we need a simple Lemma. 
Lemma. Let 6, T are two positive numbers, then we have 



1 f b+iT a s 
2ni Jb_iT s 



l + 0(a b min(l, 5 ^)), if a > 1; 

O (a 6 min (l, 57^7)) , if 0 < a < 1; 
5 + °(t)» if a= 1 . 



Proof. See Lemma 6.5.1 of [8]. 

Now we prove the theorems. First, we prove Theorem 1. Let m = S p (n ), if p a ||m, then the 
same number m will repeat a times in the sequence S p (n) (n = 1,2, • • • ). Noting that S p (n) 
(n = 1, 2, • • • ) is the sequence of multiples of prime p, we can write 



= V — = V V 

SS.(n) mS 

n—l 7 



a 



m° ^ ^ — / p as m s 

m — 1 m — 1 

p“||m 



(m,p)=l 






a=l ' 



a — 1 



Since 



1 \ 00 1 00 1 

i_!W — = l + v 1 



1 1/1 



p s J ^ p as p s ^ p( a +l) s p s p s \p s — 1 J p s — 1 ’ 
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we have the identity 



E 



i 



C(«) 



n= i S p( n ) P 8 - 1 ' 

This completes the proof of Theorem 1. 

Now we prove Theorem 2 and Theorem 3. Let x > 1 be any real number. If we set 
a = a 7 \ in the lemma, then we can write 

Sp(n) ’ 



r b+iT oo 

E 



2 ni J b _ iT ^ Sp k (n)s 



ds 



S p (n)<x 



( 



= E s » + ° 



n = 1 

S p (n)<x 



E 



n= 1 

\s p (n)< 



E s b p ~ k (n ) 



min 1 , 



Tin 



( S„(n )), 



— / E 



oo 



( 



-ds = O 



E 



2 ?ri fc ( n )s 

5 p (n)>a:: 

where k is any integer. Combining (1) and (2), we find 



S b P ~ k (n) 

\S p (n)<x 



min 1 , 



Tin 



(spw). 



(1) 



(2) 



E / iy — 

2ttj s ^ fc (n) 

00 ( °° T b l 

= E E n ) + ° E min 1 



00 ^ 



n— 1 

S p (n)<x 



S P k (n) 




Then from Theorem 1, we can get 



(3) 



E S » = 



r b+iT 



n—1 

S P (n)< x 



£(s — k)x s 

27T* Jb-iT ( P s ~ k - l)s 



ds + O i°min 1, 



Tin 



(v(«)). 



(4) 



Now we calculate the first term in the right side of (4). 

When k = — 1, taking 6=4 and T = x, we move the integral line from s = 4 + %T to 
s = — 4 T iT. This time, the function 



f(s) 



C (s + l)x s 
( p s+1 — l)s 



have a second order pole point at s = 0. Its residue is ^-j- ^lna; + 7 — ■ Hence, we can 

write 




1 

P-1 



s +iT C(s + l)z s 



-iT ( P S+1 



^ln x + 7 — 



- l)s 

p\np 

P- 1 




1 

2 iri 






C(s + l)z s 

(p s+1 — l)s 



ds. (5) 



